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In this paper, we classify complete spacelike hypersurfaces in the anti-de Sitter space
H
n+1
1 (−1) (n  3) with constant scalar curvature and with two principal curvatures.
Moreover, we prove that if Mn is a complete spacelike hypersurface with constant scalar
curvature n(n−1)R and with two distinct principal curvatures such that the multiplicity of
one of the principal curvatures is n − 1, then R < (n − 2)c/n. Additionally, we also obtain
several rigidity theorems for such hypersurfaces.
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1. Introduction
Assume that Nn+11 (c) is an (n + 1)-dimensional Lorentzian space form with constant sectional curvature c and index 1.
When c > 0, Nn+11 (c) := Sn+11 (c) is called an (n + 1)-dimensional de Sitter space; when c = 0, Nn+11 (c) := Ln+1 is called
an (n + 1)-dimensional Lorentz–Minkowski space; when c < 0, Nn+11 (c) := Hn+11 (c) is called an (n + 1)-dimensional anti-
de Sitter space. A hypersurface Mn of Nn+11 (c) is said to be spacelike if the induced metric on Mn from N
n+1
1 (c) is positive
deﬁnite. As is usual, the spacelike hypersurface is said to be complete if the Riemannian induced metric is a complete metric
on Mn .
The interest in the study of spacelike hypersurfaces immersed in spacetimes is motivated by their nice Bernstein-type
properties. E. Calabi [3] ﬁrst studied the Bernstein problem and proved that a complete spacelike hypersurface in Ln+1
is totally geodesic, when n  4. S.Y. Cheng and S.T. Yau [9] proved that the conclusion remains true for all n. In [16],
S. Nishikawa obtained similar results for other Lorentzian manifolds.
Spacelike hypersurfaces of Sn+11 (c) with constant mean curvature have been under very extensive study since God-
dard [10] posed the conjecture that every complete spacelike hypersurface in Sn+11 (1) with constant mean curvature must
be totally umbilical. However, the conjecture turned out to be false in general and holds only for some special cases.
See Akutagawa [1], Montiel [15] and Ramanathan [19] for details. For a more closely study of spacelike hypersurfaces in
Lorentzian space forms with constant mean curvature, we refer to [8,12,13,16,17] and references therein.
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curvature. An interesting result of Cheng and Ishikawa [7] states that the totally umbilical round spheres are the only
compact spacelike hypersurfaces in Sn+11 (1) with constant normalized scalar curvature R < 1. Some other authors, such as
Caminha [4], Camargo, Chaves and Sousa Jr. [5], Hu, Scherfner and Zhai [11], Li [13], Liu and Sun [14] and Wu [20] have
also worked on related problems.
It is natural and important to study complete spacelike hypersurfaces with constant scalar curvature in Hn+11 (−1) since
they have important meaning in the relativity theory and are of substantial interest from geometric and mathematical
cosmology points of view. In this paper, we will focus on spacelike hypersurfaces of Hn+11 (−1) with constant scalar curvature
and with two principal curvatures. To state our main result, we recall the following example.
Example 1.1. (Cf. [20].) Consider the spacelike hypersurface embedded into Hn+11 (−1) given by
Tk,r =
{
x ∈ Hn+11 (−1)
∣∣−x20 + x21 + · · · + x2k = − cos2 r} (1.1)
with r ∈ (0, π2 ) and Tk,r is complete and isometric to the Riemannian product Hk(− sec2 r) × Hn−k(− csc2 r) of a k-
dimensional hyperbolic space and an (n − k)-dimensional hyperbolic space of constant sectional curvatures − sec2 r and
− csc2 r, respectively. For x ∈ Tk,r , a unit timelike normal ﬁeld for Tk,r ↪→ Hn+11 (−1), unique up to orientation, is given by
N(x) = tan r(x0, x1, . . . , xk,0, . . . ,0) − cot r(0, . . . ,0, xk+1, . . . , xn+1). (1.2)
Then, it is easy to verify that Tk,r ↪→ Hn+11 (−1) has two principal curvatures, namely − tan r and cot r with multiplicities
k and n − k, respectively. Therefore, Tk,r has constant scalar curvature n(n − 1)R = k(k − 1)(− sec2 r) + (n − k)(n − k − 1)×
(− csc2 r), here R denotes the normalized scalar curvature. In addition, the length square S of the second fundamental form
of Tk,r ↪→ Hn+11 (−1) is given by S = k tan2 r + (n− k) cot2 r. In particular, when n > 2, for both k = 1 and k = n− 1, one can
show that S and R are related by the following identity
S = (n − 1)(n − 2− nR)
n − 2 +
n − 2
n − 2− nR . (1.3)
Moreover, it is easy to show that (1.3) holds for the hypersurface
Tk,r = Hk
(− sec2 r)×Hn−k(− csc2 r) ↪→ Hn+11 (−1)
if and only if k and r are related by
(k − 1)(k − n + 1)(k sec2 r − (n − k) csc2 r)2 = 0, (1.4)
therefore, (1.4) can hold only in the case k = 1 or k = n − 1.
Now, we state our Main Theorem as follows:
Main Theorem. Suppose that Mn (n  3) is an n-dimensional complete spacelike hypersurface in Hn+11 (−1) with two distinct prin-
cipal curvatures and with constant scalar curvature. Then:
(i) If the multiplicities of both principal curvatures are constant and greater than one, then Mn is isoparametric and isometric to
the Riemannian product Hm(c1) × Hn−m(c2) for some 2 m  n − 2, where c1 < 0 and c2 < 0 are constants and satisfying
1/c1 + 1/c2 = −1;
(ii) There exist inﬁnitely many spacelike hypersurfaces with constant scalar curvature and with two distinct principal curvatures such
that the multiplicity of one of the principal curvatures is n − 1;
(iii) Assume that Mn has constant scalar curvature n(n−1)R and that the multiplicity of one of the principal curvatures is n−1. Then
R < (2− n)/n. Moreover, if we suppose that the squared length S of the second fundamental form of Mn satisﬁes
S  (n − 1)(2− n − nR)
n − 2 +
n − 2
2− n − nR (1.5)
on Mn, then Mn is isometric to the Riemannian product Hn−1(nR/(n − 2)) ×H1(nR/(2− n− nR));
(iv) Assume that Mn has constant scalar curvature n(n − 1)R (R > −1) and that the multiplicity of one of the principal curvature is
n − 1; if additionally the square of the second fundamental form of Mn satisﬁes
S  (n − 1)(2− n − nR)
n − 2 +
n − 2
2− n − nR (1.6)
on Mn, then it is isometric to Hn−1(nR/(n − 2)) ×H1(nR/(2− n − nR)).
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a local theorem on the integrability of the distributions of the principal curvature vectors of a spacelike hypersurface in
the anti-de Sitter space. In Section 3 we focus on proving (i) and (ii) of the Main Theorem by establishing the structure
theorems for spacelike hypersurfaces in Hn+11 (−1) with constant scalar curvature and with two distinct principal curvatures.
In Section 4 the proof of (iii) and (iv) of the Main Theorem is given.
2. Structure equations of spacelike hypersurfaces inHn+11 (c)
Let Rn+22 be Rn+2 equipped with the indeﬁnite inner product 〈· , ·〉 deﬁned by
〈x, y〉 = −x1 y1 + x2 y2 + · · · + xn+1 yn+1 − xn+2 yn+2, (2.1)
for x = (x1, . . . , xn+1, xn+2), y = (y1, . . . , yn+1, yn+2) ∈ Rn+2. Then, for c < 0, we have the (n + 1)-dimensional anti-de Sitter
space
H
n+1
1 (c) =
{
x ∈ Rn+22 : 〈x, x〉 =
1
c
}
. (2.2)
Suppose that Mn is an n-dimensional spacelike hypersurface of Hn+11 (c). For any p ∈ Mn , we choose a local pseudo-
Riemannian orthonormal frame {e1, . . . , en, en+1} in Hn+11 (c) around p such that e1, . . . , en are tangent to Mn and en+1
is the unit timelike normal vector. Take the corresponding dual coframe {ω1, . . . ,ωn,ωn+1} with the matrix of connection
one forms being ωi j . We make the convention on the range of indices that 1 i, j,k n.
A well-known argument [9] shows that the forms ωin+1 may be expressed as ωin+1 = ∑ j hi jω j , hij = h ji . The second
fundamental form and the mean curvature of Mn are given by B =∑i, j hi j ωi ⊗ ω j and H = 1n ∑i hii respectively. Then the
structure equations of Mn are
dωi =
∑
j
ωi j ∧ ω j, ωi j + ω ji = 0, (2.3)
dωi j =
∑
k
ωik ∧ ωkj − 12
∑
k,l
Ri jklωk ∧ ωl. (2.4)
The Gauss equations are given by
Rijkl = c(δikδ jl − δilδ jk) − (hikh jl − hilh jk). (2.5)
The Codazzi equations are
hijk = hikj, (2.6)
where the covariant derivative of hij is deﬁned by∑
k
hijkωk = dhij +
∑
k
hkjωki +
∑
k
hikωkj . (2.7)
Employing the method of Otsuki [18] or Cheng [6], we can prove the following theorem.
Theorem 2.1. Let Mn be a spacelike hypersurface in Hn+11 (c) such that the multiplicities of principal curvatures are all constant. Then
the distribution of the space of principal vectors corresponding to each principal curvature is completely integrable. In particular, if
the multiplicity of a principal curvature is greater than 1, then this principal curvature is constant on each integral submanifold of the
corresponding distribution of the space of principal vectors.
3. Spacelike hypersurfaces of constant scalar curvature with two distinct principle curvatures
Now, we are ready to consider the case in Theorem 2.1 that Mn ↪→ Hn+11 (c) has constant scalar curvature n(n−1)R with
two distinct principal curvatures λ and μ of multiplicities m and n −m, respectively. We make further convention on the
ranges of indices: 1 a,b, c m, m + 1 α,β,γ  n. We may choose {eA}1An+1 such that
hab = λδab, hαβ = μδαβ, haα = 0. (3.1)
Since Mn has constant scalar curvature n(n − 1)R , from (2.5) we have
n(n − 1)(c − R) =m(m − 1)λ2 + (n −m)(n −m − 1)μ2 + 2m(n −m)λμ. (3.2)
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respectively. We write
dλ =
∑
i
λ,iωi, dμ =
∑
i
μ,iωi .
Then Theorem 2.1 implies
λ,1 = · · · = λ,m = 0, ifm 2 (3.3)
and
μ,m+1 = · · · = μ,n = 0, if n −m 2. (3.4)
Now, we separate our discussion into two cases.
Case I. 2m n− 2.
In this case, using (3.2)–(3.4) and the assumption of constant scalar curvature, we see that λ and μ must be constants
on Mn . By the formula∑
k
habkωk = dhab +
∑
k
hkbωka +
∑
k
hakωkb (3.5)
and (3.1) we get habk = 0. Similarly the equations∑
k
hαβkωk = dhαβ +
∑
k
hkβωkα +
∑
k
hαkωkβ (3.6)
together with (3.1) yields that hαβk = 0. From the totally symmetry of hijk , we get
hijk ≡ 0. (3.7)
Thus we have
dhaα +
∑
b
hbαωba +
∑
β
hβαωβa +
∑
b
habωbα +
∑
β
haβωβα =
∑
k
haαkωk = 0. (3.8)
It follows from (3.1) and (3.8) that
ωaα = 0. (3.9)
Combining (2.3)–(2.5) with (3.9), we have
0= dωaγ =
∑
i
ωai ∧ ωiγ − (c − λμ)ωa ∧ ωγ = −(c − λμ)ωa ∧ ωγ ,
which implies that λμ = c.
From the congruence theorem in [2] and the discussion above, we obtain the following result.
Theorem 3.1. Let Mn (n  4) be an n-dimensional spacelike hypersurface of Hn+11 (c) with constant scalar curvature n(n − 1)R
and with two distinct principal curvatures. If the multiplicities m and n − m of the principal curvatures λ and μ (|λ − μ| > 0) are
non-simple, then we have
(1) Both λ and μ are constants and satisfying λμ = c. In addition, Mn is locally the Riemannian product Hm(c1) ×Hn−m(c2);
(2) If Mn is assumed to be complete in Hn+11 (c), then
Mn = Hm(c1) ×Hn−m(c2),
where c1 < 0 and c2 < 0 are determined by 1/c1 + 1/c2 = 1/c.
Case II. m = n− 1, m 2.
In this case, (3.2) reduced to
n(c − R) = [(n − 2)λ + 2μ]λ. (3.2′)
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Therefore the Gauss equation (2.5) implies that Mn is of constant sectional curvature c. In this case, we can show that there
are inﬁnitely many incongruent isometric immersions of Hn(c1) into H
n+1
1 (c) (c1 < 0).
Therefore, we can assume that Mn is complete, λ > 0 and R = c on Mn . Then (3.2′) deduces that
μ = n(c − R)
2λ
− n − 2
2
λ. (3.10)
This together with
λ − μ = n(λ
2 + R − c)
2λ
= 0, (3.11)
yields that λ2 + R − c = 0.
From (3.1), (3.3), (3.5), and (3.2′), we have∑
i
habiωi = dhab = dλδab = λ,nδabωn,
∑
i
hnniωi = dhnn = dμ = μ,nωn, (3.12)
it follows that
habc = 0, habn = λ,nδab, hnna = 0, hnnn = μ,n. (3.13)
Combining these with (2.6) and the formula∑
i
haniωi = dhan +
∑
i
hinωia +
∑
i
haiωin = (λ − μ)ωan, (3.14)
we obtain
ωan = λ,n
λ − μωa. (3.15)
Therefore, we have dωn =∑a ωna ∧ ωa = 0. Notice that we may consider λ to be locally a function of the parameter s,
where s is the arc length of an orthogonal trajectory of the family of the integral submanifolds corresponding to λ. We may
put
ωn = ds, (3.16)
then, for λ = λ(s) we have λ,n = λ′(s).
From the expression for λ − μ and (3.15), we get
ωan =
(
log
∣∣λ2 + R − c∣∣1/n)′ωa, ∇enen =
n∑
i
ωni(en)ei = 0, (3.17)
which shows that
Proposition 3.2. Let Mn (n  3) be an n-dimensional spacelike hypersurface of Hn+11 (c) with constant scalar curvature n(n − 1)R
and with two distinct principal curvatures μ and λ = 0. If the multiplicity of μ is 1, then
(1) The integral submanifold Mn−11 (s) corresponding to λ and s is umbilical in Mn and H
n+1
1 (c).
(2) The integral curve of the principal vector en corresponding to μ is a geodesic.
Making use of (3.17) and (2.3)–(2.5), we have
dωan =
∑
b
ωab ∧ ωbn + (λμ − c)ωa ∧ ωn
= (log∣∣λ2 + R − c∣∣1/n)′∑
b
ωab ∧ ωb + (λμ − c)ωa ∧ ωn,
dωan = d
[(
log
∣∣λ2 + R − c∣∣1/n)′ωa]
= (log∣∣λ2 + R − c∣∣1/n)′′ ds ∧ ωa + (log∣∣λ2 + R − c∣∣1/n)′ dωa
= [−(log∣∣λ2 + R − c∣∣1/n)′′ + ((log∣∣λ2 + R − c∣∣1/n)′)2]ωa ∧ ωn + (log∣∣λ2 + R − c∣∣1/n)′∑ωab ∧ ωb.b
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(
log
∣∣λ2 + R − c∣∣1/n)′′ − ((log∣∣λ2 + R − c∣∣1/n)′)2 − 1
2
(n − 2)(λ2 + R − c)− R = 0. (3.18)
Now, we consider the orthonormal frame {x; e1, . . . , en+1, en+2} in Rn+22 with en+2 =
√−c x. We denote
W = e1 ∧ e2 ∧ · · · ∧ en−1 ∧
{(
log
∣∣λ2 + R − c∣∣1/n)′en + λen+1 + √−cen+2}, (3.19)
then, by a long but straightforward calculation we can show, that
dW = (log∣∣λ2 + R − c∣∣1/n)′W ds. (3.20)
Let us deﬁne a positive function w(s) over s ∈ (−∞,+∞) by
w =
{
(λ2 + R − c)−1/n, for λ2 + R − c > 0,
(−λ2 − R + c)−1/n, for λ2 + R − c < 0, (3.21)
then (3.19) reduced to
d2w
ds2
+ w
(
n − 2
2
1
wn
+ R
)
= 0, for λ2 + R − c > 0 (3.22a)
or
d2w
ds2
− w
(
n − 2
2
1
wn
− R
)
= 0, for λ2 + R − c < 0. (3.22b)
Integrating (3.22a) or (3.22b), we obtain(
dw
ds
)2
= C1 + 1
wn−2
− Rw2, for λ2 + R − c > 0 (3.23a)
or (
dw
ds
)2
= C2 − 1
wn−2
− Rw2, for λ2 + R − c < 0, (3.23b)
where C1 and C2 are integral constants. It follows from (3.23a), (3.23b) and (3.21) that(
dw
ds
)2
= C + λ2ω2 − cω2, (3.24)
where C = C1 if λ2 + R − c > 0 and C = C2 if λ2 + R − c < 0.
From (3.24), we have〈(
log
∣∣λ2 + R − c∣∣1/n)′en + λen+1 + √−cen+2, (log∣∣λ2 + R − c∣∣1/n)′en + λen+1 + √−cen+2〉
= ((log∣∣λ2 + R − c∣∣1/n)′)2 + c − λ2 = C
w2
, (3.25)
where C = C1 if λ2 + R − c > 0 and C = C2 if λ2 + R − c < 0.
(3.20) shows that the n-vector W in Rn+22 is constant along M
n−1
1 (s). Hence there exists an n-dimensional linear sub-
space En(s) in Rn+22 containing M
n−1
1 (s). (3.20) also implies that the n-space ﬁeld W depends only on s and by integration
gives
W (s) =
[
λ2(s) + R − c
λ2(s0) + R − c
]1/n
W (s0).
Hence we have En(s) is parallel to the ﬁxed subspace En(s0) in R
n+2
2 .
From the calculation
dωab −
∑
c
ωac ∧ ωcb = ωan ∧ ωnb +
(
λ2 − c)ωa ∧ ωb = −{((log∣∣λ2 + R − c∣∣1/n)′)2 + c − λ2}ωa ∧ ωb
= − C
w2
ωa ∧ ωb,
we see that Mn−1(s) is of constant sectional curvature C/w2 which has the same sign for all s.1
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on s and is given by
q = x+ (log |λ
2 + R − c|1/n)′en + λen+1 + √−cen+2
((log |λ2 + R − c|1/n)′)2 + c − λ2 . (3.26)
It is a direct calculation to check that q = q(s) forms a plane curve located in a ﬁxed plane E2 through the origin of
R
n+2
2 and orthogonal to E
n(s0).
This proves the following result:
Theorem 3.3. Let Mn be an n-dimensional complete spacelike hypersurface ofHn+11 (c) and n 3. Assume that Mn has constant scalar
curvature n(n − 1)R and that Mn has two distinct principal curvatures such that, for one of them, the associated space of principal
curvature vectors has dimension 1. Then:
(1) Mn is a locus of moving (n − 1)-dimensional submanifolds Mn−11 (s). The principal curvature λ of multiplicity n − 1 is constant
along each of the submanifolds Mn−11 (s). The manifolds M
n−1
1 (s) have constant curvature ((log |λ2 + R − c|1/n)′)2 + c − λ2 ,
which does not change sign. Here the parameter s is the arc length of an orthogonal trajectory of the family Mn−11 (s) and λ = λ(s)
satisﬁes the ordinary second order differential equation given by (3.18).
(2) Mn−11 (s) is a totally umbilical submanifold En(s) ∩ Hn+11 (c) of the intersection of Hn+11 (c) with an n-dimensional linear space
En(s) in Rn+22 which is parallel to a ﬁxed En. If ((log |λ2 + R − c|1/n)′)2 + c − λ2 = 0, the center q of En(s) ∩ Hn+11 (c), given
by (3.26), moves on a plane curve in a plane E2 which goes through the origin of Rn+22 and is orthogonal to En.
Corollary 3.4. In Hn+11 (c), there exist inﬁnitely many spacelike hypersurfaces with constant scalar curvature that are not congruent
to each other.
4. Characterizations of the Riemannian product Tn−1,r
In this section, we assume that Mn (n  3) is an n-dimensional complete spacelike hypersurface with constant scalar
curvature n(n − 1)R and with two distinct principal curvatures in Hn+11 (c), and λ is the principal curvature of multiplicity
n− 1. Recall that λ2 + R − c = 0 and we have two possibilities: λ2 + R − c > 0 on Mn or λ2 + R − c < 0 on Mn .
Theorem 4.1. Let Mn be an n-dimensional complete spacelike hypersurface in Hn+11 (c) with constant scalar curvature n(n− 1)R and
with two distinct principal curvatures, one of which is simple. Then R < (n − 2)c/n < 0.
Proof. Suppose on the contrary that R  (n − 2)c/n. Then, after rewriting (3.22a), (3.22b) and because of R  (n − 2)c/n,
we have
d2w
ds2
= ∓w
(
n − 2
2
1
wn
± R
)
= −w
(
n − 2
2
λ2 + nR − (n − 2)c
2
)
< 0.
Therefore, dw(s)/ds is a strictly monotone decreasing function of s and thus it has at most one zero point for s ∈
(−∞,+∞). If dw(s)/ds has no zero point in (−∞,+∞), then w(s) is a monotone function of s in (−∞,+∞). If dw(s)/ds
has exactly one zero point s0 in (−∞,+∞), then w(s) is a monotone function of s in both (−∞, s0] and [s0,+∞).
On the other hand, from the assumption R  (n−2)c/n, (3.23a) and (3.23b), we see that the positive function w(s) must
be bounded from above. Combining this fact with the monotonicity of w(s) near inﬁnity, we ﬁnd that both lims→−∞ w(s)
and lims→+∞ w(s) exist and they imply that
lim
s→−∞
dw(s)
ds
= lim
s→+∞
dw(s)
ds
= 0.
This is impossible because dw(s)/ds is a strictly monotone decreasing function of s. We have proved Theorem 4.1. 
Proposition 4.2. Let Mn be an n-dimensional complete spacelike hypersurface in Hn+11 (c) with constant scalar curvature n(n − 1)R
and with two distinct principal curvatures. Assume that λ is the principal curvature of multiplicity n − 1. If
S = (n − 1)((n − 2)c − nR)
n − 2 +
(n − 2)c2
(n − 2)c − nR (4.1)
on Mn, then Mn is isometric to the Riemannian product
H
n−1
(
nR
n − 2
)
×H1
( −ncR
(n − 2)c − nR
)
.
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S = (n − 1)λ2 + μ2 = (n − 1)λ2 +
(
n(c − R)
2λ
− n − 2
2
λ
)2
= n
2
4
λ2 + n
2(c − R)2
4λ2
− 1
2
n(n − 2)(c − R). (4.2)
Comparing this with (4.1) we see that λ2 is a constant and satisfying
λ2 + R − c = − 2R
n − 2 or λ
2 + R − c = 2R(c − R)
(n − 2)c − nR .
From (3.18), it must be that λ2 + R − c = −2R/(n − 2) = 0. Substituting this into Theorem 3.3, we see that Mn−11 (s) is of
constant sectional curvature c − λ2 = nR/(n − 2) and c − μ2 = −ncR/((n − 2)c − nR). Thus Mn is isoparametric and the
congruence theorem in [2] shows that Mn is isometric to the Riemannian product Hn−1(nR/(n−2))×H1(−ncR/((n−2)c−
nR)). Proposition 4.2 is proved. 
Lemma 4.3. Let Mn be an n-dimensional complete spacelike hypersurface in Hn+11 (c) with constant scalar curvature n(n − 1)R and
with two distinct principal curvatures. Assume that λ is the principal curvature of multiplicity n − 1. Then
S  (n − 1)((n − 2)c − nR)
n − 2 +
n − 2
(n − 2)c − nR (4.3)
holds if and only if
λ2 + R − c 
{−2R/(n − 2) > 0, if R  n−2n−1 c,
2R(c − R)/((n − 2)c − nR), if n−2n−1 c < R < (n − 2)c/n,
(4.4)
or
λ2 + R − c 
{−2R/(n − 2), if n−2n−1c < R < (n − 2)c/n,
2R(c − R)/((n − 2)c − nR), if R  n−2n−1c.
(4.5)
Proof. Using (4.2), we have the calculation that
S − (n − 1)((n − 2)c − nR)
n − 2 −
n − 2
(n − 2)c − nR =
n2
4λ2
(
λ2 + R − c + 2R
n − 2
)(
λ2 + R − c − 2R(c − R)
(n − 2)c − nR
)
. (4.6)
Notice that, according to Theorem 4.1, we have R < (n − 2)c/n, then it is easy to ﬁnd that
−2R
n − 2 
2R(c − R)
(n − 2)c − nR
holds if and only if R  (n − 2)c/(n − 1) and
−2R
n − 2 
2R(c − R)
(n − 2)c − nR
holds if and only if (n − 2)c/(n − 1) < R < (n − 2)c/n. From these facts and (4.6), we get the conclusion of Lemma 4.3. 
Theorem 4.4. Let Mn be an n-dimensional complete spacelike hypersurface in Hn+11 (c) with constant scalar curvature n(n− 1)R and
with two distinct principal curvatures, one of which is simple. If
S  (n − 1)((n − 2)c − nR)
n − 2 +
n − 2
(n − 2)c − nR (4.7)
holds on Mn, then Mn is isometric to the Riemannian product
H
n−1
(
nR
n − 2
)
×H1
( −ncR
(n − 2)c − nR
)
.
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d2w
ds2
= −w
(
n − 2
2
(
λ2 + R − c)+ R). (4.8)
From Lemma 4.3, one of the following four cases holds on Mn:
(a) R  n − 2
n − 1c < 0 and λ
2 + R − c − 2R
n − 2 > 0,
(b)
n − 2
n − 1 c < R <
(n − 2)c
n
and λ2 + R − c  2R(c − R)
(n − 2)c − nR > 0,
(c)
n − 2
n − 1 c < R <
(n − 2)c
n
and 0 < − c
n − 1 < λ
2 + R − c − 2R
n − 2 ,
(d) R  n − 2
n − 1 c < 0 and λ
2 + R − c  2R(c − R)
(n − 2)c − nR .
In each case, we see from (3.21) that the positive function w(s) is bounded from above and, by (4.8), d2w(s)/d2s does
not change sign on Mn , thus dw(s)/ds is a monotonic function of s ∈ (−∞,+∞) and has at most one zero point. Therefore,
w(s) must be monotonic when s tends to inﬁnity.
Since w(s) is bounded and is monotonic when s tends to inﬁnity, we ﬁnd that both lims→−∞ w(s) and lims→+∞ w(s)
exist and then we have
lim
s→−∞
dw(s)
ds
= lim
s→+∞
dw(s)
ds
= 0.
By the monotonicity of dw(s)/ds, we see that dw(s)/ds ≡ 0 and w(s) is a constant. Then Theorem 3.3 implies that
Mn−11 (s) is of constant sectional curvature c − λ2 = nR/(n − 2) < 0 and c − μ2 = −nRc/((n − 2)c − nR) < 0. Thus Mn
is isoparametric and the congruence theorem in [2] shows that Mn is isometric to the Riemannian product Hn−1(nR/
(n − 2))H1(−ncR/((n − 2)c − nR)). This proves Theorem 4.4. 
Theorem 4.5. Let Mn be an n-dimensional complete spacelike hypersurface in Hn+11 (c) with constant scalar curvature n(n − 1)R
(R > c) and with two distinct principal curvatures, one of which is simple. If
S  (n − 1)((n − 2)c − nR)
n − 2 +
n − 2
(n − 2)c − nR (4.9)
holds on Mn, then Mn is isometric to the Riemannian product
H
n−1
(
nR
n − 2
)
×H1
( −ncR
(n − 2)c − nR
)
.
Proof. From the calculation (4.6), the conditions R > c and (4.9) imply that one of the following two cases holds on Mn:
(a)
n − 2
n − 1 c  R <
n − 2
n
c < 0 and 0 <
−2R
n − 2  λ
2 + R − c  2R(c − R)
(n − 2)c − nR ,
(b) c < R  n − 2
n − 1 c < 0 and 0 <
2R(c − R)
(n − 2)c − nR  λ
2 + R − c  −2R
n − 2 .
From the condition R > c, (3.23a) and (3.23b) we see that the positive function ω(s) is bounded from above. In each
case, (4.8) implies that d2ω(s)/ds2 does not change sign on Mn . Then, using same argument as in the proof of Theorem 4.4,
one ﬁnds that ω(s) is a constant function. Then Theorem 3.3 implies that Mn−11 (s) is of constant sectional curvature c−λ2 =
nR/(n − 2) < 0, whereas c − μ2 = −nRc/((n − 2)c − nR) < 0. Thus Mn is isoparametric and, according to the congruence
theorem in [2], Mn is isometric to the Riemannian product
H
n−1
(
nR
n − 2
)
×H1
( −ncR
(n − 2)c − nR
)
.
This proves Theorem 4.5. 
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